Abstract. We call a knot in the 3-sphere SU (2)-simple if all representations of the fundamental group of its complement which map a meridian to a tracefree element in SU (2) are binary dihedral. This is a generalisatino of a 2-bridge knot. Pretzel knots with bridge number ≥ 3 are not SU (2)-simple. We provide an infinite family of knots K with bridge number ≥ 3 which are SU (2)-simple.
Introduction
The purpose of this paper is to study knots that are particularly simple with respect to the SU (2)-representation variety of the fundamental group of the knot complement. Definition 1.1. A knot K is called SU (2)-simple if the space R(K; i) of representations of the fundamental group in SU (2), defined in Section 2 below, contains only representations that are binary dihedral.
Two-bridge knots are SU (2)-simple. The results of the author in [32] show that pretzel knots which are not 2-bridge knots are not SU (2)-simple knots. The author was tempted to believe that 2-bridge knots were the only SU (2)-simple knots. However, in this paper we give a large class of SU (2)-simple knots.
This makes use of the following fact:
Proposition 3.1. Let K be a knot. If π 1 (Σ 2 (K)) has only cyclic SO(3) representations, then R(K; i) is SU (2)-simple. Here Σ 2 (K) denotes the branched double cover of the knot K.
The interest in SU (2)-simple knots comes from the fact that they are expected to be particularly simple with respect to Kronheimer-Mrowka's instanton knot Floer homology I (K). Proposition 7.3. If a knot K is SU (2)-simple and satisfy the genericity hypothesis 7.2, then its instanton Floer chain complex CI π (K) has no non-zero differentials and is of total rank det(K). In particular, the total rank of reduced instanton knot Floer homology I (K) is also equal to det(K).
Denoting Y (T (p, q)) the complement of a tubular neighbourhood of the torus knot T (p, q), we may glue Y (T (p, q)) and Y (T (r, s)) together along their boundary torus in such a way that a meridian of the first torus knot is mapped to a Seifert fibre of the second and vice versa. It is a result of Motegi [28] that these 3-manifolds Y = Y (T (p, q), T (r, s)) are SO(3)-cyclic, i.e. admit only cyclic SO(3) representations of their fundamental group. Using the concept of strongly invertible knots, we obtain Theorem 4.14. The 3-manifold Y (T (p, q), T (r, s)) comes with an involution with quotient S 3 . It is a branched double cover of some knot or 2-component link L(T (p, q), T (r, s)) in S 3 , well defined up to mutation by the involution on either side of the essential torus in Y (T (p, q), T (r, s)). If pqrs − 1 is odd then L(T (p, q), T (r, s) is a knot. If in addition both T (p, q) and T (r, s) are non-trivial torus knots, then the knot L(T (p, q), T (r, s) is SU (2)-simple, but is not a 2-bridge knot.
We give an explicit description of the knots L(T (p, q), T (r, s)) as a decomposition of two tangles in Section 6 below. In fact, each tangle is explicitly described in Theorem 6.1. Somewhat to our own surprise, we have obtained Theorem 6.5. The knots L(T (p, q), T (r, s)) are alternating.
The method of the proof is applicable to a larger class of knots and links. It seems that the Conway sphere shich gives rise to the essential torus in the branched double cover cannot be seen in an 'obvious way' in the alternating diagram. This may be compared to the method of Greene and Levine in [9] .
Corollary 8.1. The 3-manifolds Y (T (p, q), T (r, s)) are strong L-spaces (in the sense of Heegaard Floer homology).
It is therefore tempting to ask whether the class of SU (2)-simple knots consists exclusively of knots whose branched double cover is a strong L-space. This would set up some correspondance between instanton knot Floer homology and Heegaard Floer homology. It is by far not true, however, that any alternating knot is SU (2)-simple in the sense given above.
Finally, as a Corollary of Proposition 3.1 and of results of Kronheimer-Mrowka and of Bonahon-Siebenmann, we obtain the following Corollary 9.2. Let Y be an integer homology sphere which is a graph manifold. Then there is an irreducible representation ρ :
Definition 2.1. Let K be a knot in S 3 . We assume some base-point fixed in its complement. Let m be a closed based path in S 3 \ K that yields a generator of H 1 (S 3 \ K; Z). We shall call the following space the representation space of meridian-traceless SU (2) representations.
where i denotes a purely imaginary quaternion (all of which are conjugate), and where ρ(m) ∼ i denotes the requirement that ρ(m) is conjugate in SU (2) to this element. We shall also denote this space R(K, SU (2); i) if we want to make the Lie group SU (2) explicit. As all based meridians are conjugate, this definition is independent of the choice of meridian. Likewise, we define
where I denotes an element of order 2 in SO(3) (all of which are conjugate).
Calling the representations of R(K, SU (2); i) meridian-traceless is sensible because under the standard isomorphism of SU (2) with the unit quaternions the traceless elements correspond precisely to the purely imaginary quaternions.
Binary dihedral representations and the double branched cover
Let K be a knot, and let Σ 2 (K) denote the double branched cover of the knot. Recall that we have a short exact sequence of groups
We shall say that a representation of a group G in a group H is 'H-abelian' or 'has only abelian H representations' if its image in H is contained in an abelian subgroup of H, and similarly 'H-cyclic'. A representation in SO(3) is called dihedral if its image is contained in a dihedral subgroup of SO(3) -a group generated by rotations fixing a globally fixed plane, and reflections of that plane. A representation in SU (2) is called binary dihedral if its image in SO(3) is dihedral.
The following is probably 'folklore knowledge' to the experts, but as we don't know of a precise reference we shall give a proof of it. Proposition 3.1. If π 1 (Σ 2 (K)) has only cyclic SO(3) representations, then R(K; i) admits only binary dihedral meridian-traceless SU (2) representations, i.e. K is SU (2)-simple.
In fact, the condition 'only cyclic SO(3) representations' can be replaced by 'only cyclic SU (2) representations' by the following Lemma 3.2. Let Y be a closed 3-manifold such that H 1 (Y ; Z/2) = 0. Then the following are equivalent:
(1) The group π 1 (Y ) has only abelian SO(3) representations.
(2) The group π 1 (Y ) has only abelian SU (2) representations.
The group π 1 (Y ) has only cyclic SO(3) representations.
(4) The group π 1 (Y ) has only cyclic SU (2) representations.
Remark 3.
3. An infinite abelian subgroup of SO(3) or SU (2) needs not to be cyclic.
Proof of the Lemma. The obstruction to lifting a representation ρ :
, and by our assumption this group vanishes. Therefore, there is no obstruction to lifting ρ to SU (2).
Because of this lifting behaviour, if π 1 (Y ) has only abelian SU (2) representations, it can only have abelian SO(3) representations, and if it has only cyclic SU (2) representations, it has only cyclic SO(3) representations.
Conversely, suppose that π 1 (Y ) has only abelian representations in SO(3). The only abelian subgroups of SO(3) are given by subgroups of rotations with a fixed axis, and subgroups isomorphic to K = Z/2 × Z/2 where the three non-trivial elements are given by rotations by angle π along three axes which are all pairwise perpendicular. Subgroups of the first kind lift to abelian subgroups of SU (2), so a representation factoring through an abelian subgroup of the first kind lifts to an abelian representation in SU (2). The preimage of K in SU (2) is a non-abelian subgroup of SU (2) with 8 elements, namely, the quaternionic group {±1, ±i, ±j, ±k} in quaternion notation. However, any representation of π 1 (Y ) with image in K in fact factors through the abelianisation H 1 (Y ; Z) which has odd order, hence any element has odd order, and therefore such a representation factors in fact through the trivial subgroup of SO (3), and hence has a lift to an abelian subgroup of SU (2) .
Similarly as before, using again that H 1 (Y ; Z) has odd order and the chinese remainder theorem, one sees that π 1 (Y ) has only cyclic SU (2) representations if it has only cyclic SO(3) representations.
Clearly, if a representation of π 1 (Y ) has only cyclic SO(3) representations, then it has only abelian SO(3) representations. Conversely, again because H 1 (Y ; Z) is odd, any abelian SO(3) representation is in fact cyclic.
Proof of the Proposition. Let us denote by G K the fundamental group of the knot complement, and by G K,m 2 the π-orbifold fundamental group defined by
where m 2 denotes the normal subgroup generated by the square of the meridian. This is a powerful group that is sufficiently strong to determine the bridge numbers of Montesinos knots, see [2] .
The projection π induces a well-defined map
In fact, π takes purely imaginary quaternions to rotations with angle π, so elements of order 4 get mapped to elements of order 2. It is shown in [4, Proposition 3.4] (in a more general situation than the one we need here) that this is a double cover ramified along the binary dihedral representations. We outline the proof in this simplified content: The space S 3 \ K has the homology of a circle, and therefore there is no obstruction in lifting any SO(3) representation to a SU (2) representation here. Therefore, the map π * is onto. The space Hom(G K , Z/2) ∼ = Z/2 acts on the space of SU (2) representations, and any two differing by this action yield the same SO(3) representation. Conversely, any two yielding the same SO(3) representation differ by such a central representation. Therefore, the map is at most 2 to 1. One easily checks that the fixed points of this involution are precisely the binary dihedral representations. An intermediate conclusion is that R(K, SU (2); i) contains only binary dihedral representations if and only if R(K, SO(3); I) contains only dihedral representations. On the other hand, as in R(K, SO(3); I) meridians are mapped to elements of order 2, any such representation from G K to SO(3) factors through G K,m 2 , hence R(K, SU (2); i) has only binary dihedral representations in SU (2) if and only if the orbifold fundamental group G K,m 2 has only dihedral representations in SO(3).
The orbifold fundamental group G K,m 2 fits into a short exact sequence of groups
as can be proved easily with the Seifert-van Kampen theorem. This sequence splits by mapping the non-trivial element of Z/2 to the meridian m. Hence G K,m 2 is a semi-direct product of Z/2 acting on π 1 (Σ 2 (K)).
Let us now consider a representation ρ :
that is cyclic when restricted to π 1 (Σ 2 (K)). Therefore, the image of π 1 (Σ 2 (K)) is a finite subgroup of SO (3) that consists of rotations all of which have the same rotation axis z. The image I of the generator m of Z/2 has to act on this finite cyclic subgroup of SO(3). There are only two possibilities: The rotation axis of I coincides with z, in which case the entire image ρ(G K,m 2 ) is cyclic, or the rotation axis of I is perpendicular to z, in which case the image ρ(G K,m 2 ) is a dihedral group.
Strongly invertible knots
A knot K ⊆ R 3 ⊆ S 3 is called strongly invertible if there is a straight line A in R 3 (extending to an S 1 in S 3 ) such that rotation by angle π around the axis A preserves K, and such that K has precisely two intersection points with A. The Figure 1 below illustrates the fact that the torus knot T (3, 4) is strongly invertible.
Necessarily this involution σ reverses the orientation of the knot K, so K is an invertible knot. Notice also that S 3 /σ is homeomorphic to S 3 . Proof. The quotient of the boundary torus ∂Y (K) by σ is a double cover of the 2-sphere, branched along four points. Therefore the manifold Y (K)/σ is a 3-manifold with boundary a 2-sphere, and which is a submanifold of S 3 /σ ∼ = S 3 . However, any 2-sphere embedded in S 3 splits the 3-sphere into two balls, by Schönflies' theorem.
The following Lemma is known to the experts, but the author is unaware of a reference where the proof is given. It likely appears in one of Montesinos' article in spanish language. We give a proof for the sake of completeness.
Lemma 4.2. The torus knots T p,q are strongly invertible.
Proof. We think of a standard embedded torus inside R 3 that is perforated by a skewer in four points, such that rotation by π around the skewer yields a symmetry of the torus. When we suitably identify this torus with R 2 /Z 2 , the involution becomes a point reflection in ( 
We obtain the torus knot T (p, q) by drawing a straight line in the plane R 2 , starting at (0, 0), and passing through (q, p). It is now an elementary arithmetic exercise to check that it only passes through one other fixed point of the involution σ, using that p and q are coprime. Definition 4.3. We denote by τ (K) the tangle
obtained from the strongly invertible knot K with involution σ around the axis A.
The figures 2 and 3 below are all pictures of the tangle τ (T (3, 4) ). In all figures the region shaded in light red indicates the quotient of the tubular neighbourhood N (T (3, 4)), a 3-ball and trivial tangle, and the tangle τ (K) is the complement. The first picture of figure 3 is obtained from figure 2 by an isotopy of S 3 which maps a standard torus around which T (3, 4) is winding to the 'pillowcase' where the four fixed points are indicated by corners. From these pillowcase pictures it is straightforward how to draw tangles for other torus knots.
By a longitude of a knot K we understand a curve parallel to K in its complement which is homologically trivial, or, equivalently, which has linking number 0 with the knot. By a meridional disk of K we understand a properly embedded disk in a tubular neighbourhood of K which has one transversal self-intersection point with K. A meridian is the boundary of such a disk.
We orient oriented manifolds with boundary by the 'outward normal first' convention. We choose an orientation of the knot K. This determines an orientation of Figure 2 . The quotient tangle τ (T (3, 4) ), half of the image of a Seifert fibre is indicated by the green line Figure 3 . Picture of the tangle τ (T (3, 4)) after an isotopy that brings the solid torus quotient into the standard 'pillowcase' shape. The green circle is the image of a Seifert-fibre on the boundary, the red circle is the image of a meridian on a tubular neighbourhood of T (3, 4), indicated in light red. The blue squares indicate where the axis (in blue) is entering and leaving the quotient of the tubular neighbourhood of the torus knot T (3, 4). a longitude. It also determines an orientation of a meridian: There is an orientation on the meridional disk such that the intersection of the disk with the knot is positive. This orientation of the disk induces an orientation on the meridian. We give S 1 the natural counterclockwise orientation, and we orient products canonically.
Lemma 4.4. For any strongly invertible knot K with involution σ and invariant tubular neighbourhood N (K) there is an orientation-preserving homeomorphism
(i) the circles {pt} × S 1 correspond to meridians of K with matching orientations, (ii) the circles S 1 × {pt} correspond to longitudes of K with matching orientations, such that (iii) the restriction of the involution translates to
where a map S 1 ×S 1 → S 1 ×S 1 associated with a matrix is the map induced by the linear map R 2 → R 2 defined by the matrix under the identification
In particular, the map h K maps the four fixed points of σ| ∂Y (K) to the points (0, 0), (0,
Proof. The existence of (two) invariant meridians is clear -each of these contain two of the intersection points of the axis of σ with ∂Y (K). For the existence of invariant longitudes we consider one of the two halfs that we obtain from N (K) by cutting along the two invariant meridional disks. On the cylindrical part of its boundary we connect an intersection point of the axis with one meridian to an intersection point of the axis with the other meridian in such a way that the 'partial linking number' is 0. We can do this because from a given starting point we have two possibilities for the endpoints on the other meridian. Then we apply the involution σ to this curve, and the union of the two now is a longitude of K.
We omit the rest of the proof which is straight-forward.
Torus knots have Seifert fibred complements. In fact, the 3-sphere has a wellknown Seifert fibration with two multiple fibres, of order p and q. A regular fibre of this Seifert fibration is a T p,q torus knot. We shall also allow torus knots which are the unknot, i.e. the torus knot T 3,1 , if we want to make allusion to the corresponding Seifert fibration of its complement.
Lemma 4.5. For torus knots T p,q arising as the regular fibre of a Seifert fibration of S 3 , we can find an involution σ which strongly inverses the torus knot and preserves the Seifert fibred structure of the complement. In particular, we can find a tubular neighbourhood N (T p,q ) which is σ-invariant and which respects the Seifert fibred structure.
Lemma 4.6. Suppose N (T p,q ) is a regular neighbourhood of T p,q which is chosen σ-invariant and which preserves the Seifert fibred structure. Under an identification h : ∂Y (T p,q ) → S 1 × S 1 as in Lemma 4.4 above, the Seifert fibres correspond to lines of slope pq under the identification
In particular, a Seifert fibre winds pq times around the meridian while once around the longitude.
We consider the map s p,q :
It has the property that
sends Seifert fibres to the first S 1 factor, and meridians to the second S 1 factor, and is orientation preserving.
We will consider 3-manifolds that we obtain from glueing two torus knot complements together in such a way that the Seifert fibre of the first component is mapped to the meridian of the second component, and that the meridian of the first component is mapped to the Seifert fibre of the second component. In other words, given identifications of the boundary of each torus knot complement with S 1 × S 1 , such that the first factor corresponds to Seifert fibres, and such that the second component corresponds to meridians, our glueing is described by the matrix 0 1 1 0 .
Notice that this is orientation-reversing.
Definition 4.7. Let ϕ : ∂Y (T p,q ) → ∂Y (T r,s ) be the orientation-reversing homeomorphism defined by
In other words, ϕ maps Seifert fibres of T p,q to meridians of T r,s and meridians of T p,q to Seifert fibres of T r,s . We define the closed 3-manifold Y (T (p, q), T (r, s)) by the glueing of Y (T p,q ) and Y (T r,s ) along their boundary via the homeomorphism ϕ,
Proposition 4.8. For any four numbers p, q, r, s ∈ Z, the first homology group H 1 (Y (T (p, q), T (r, s)); Z) has a presentation matrix given by 0 1 −rspq + 1 rs .
In particular, if 1 − rspq = 0 the 3-manifold Y (T (p, q), T (r, s)) is a rational homology sphere, and its order is given by |1 − rspq|.
Proof. This follows easily from the Mayer-Vietoris long exact sequence.
Proposition 4.9. The manifold Y (T (p, q), T (r, s)) is a branched double cover of a knot or 2-component link in S 3 that we denote L(T (p, q), T (r, s)). If 1 − rspq is odd this is a knot, otherwise it is a 2-component link.
Proof. If we denote by σ p,q and σ r,s the strong involutions of the torus knots T (p, q) and T (r, s), then the glueing map ϕ above interchanges these actions. This follows from Lemma 4. A second argument is homological: For any link L with l components one has
This formula follows like this: A presentation matrix of
where V is a Seifert matrix of L. See for instance [22, Theorem 9.1]. As we are working over Z/2, we have V + V t = V − V t which is a sum of blocks of the form 0 1 −1 0 followed by as many number of 0's on the diagonal as we have number of components minus 1.
Remark 4.10. We would like to point out that the knot or link L(T (p, q), T (r, s))
is not determined by the homeomorphism type of Y (T (p, q), T (r, s)). It depends on the glueing map, which, in our description above, depends on some choices in the parametrisation of the boundary. Different choices may result in isotopic glueing maps with different identifications of the fixed points (though not any combination is possible). The link L(T (p, q), T (r, s)) is therefore only determined up to mutation by the two strong involutions of T (p, q) and T (r, s). rs + pq. By results of Moser [27] , these are in fact Lens space surgery slopes.
Lemma 4.12. If both torus knots T p,q and T r,s are different from the unknot then the 3-manifold Y (T (p, q), T (r, s)) admits a non-abelian fundamental group. In particular, it is not a Lens space.
Proof. The torus along which the two knot complements Y (T p,q ) and Y (T r,s ) were glued together is incompressible and separetes the 3-manifold Y (T (p, q), T (r, s)) into the two torus knot complements. Its fundamental group contains the fundamental group of each torus knot complement as a subgroup, because the two inclusions of the separating torus into either knot complement is π 1 -injective. It is well-known that therefore either torus knot complement also maps π 1 -injectively into the fundamental group of Y (T (p, q), T (r, s) ).
Remark 4.13. In fact, one can show that under the conditions of the last Lemma the 3-manifold Y (T (p, q), T (r, s)) is not a Seifert-fibred 3-manifold. It is in fact a graph 3-manifold with two Seifert-fibred components in its JSJ-decomposition.
The results of this section now yield the following Theorem 4.14. The 3-manifold Y (T (p, q), T (r, s)) comes with an involution with quotient S 3 . It is a branched double cover of some knot or 2-component link L(T (p, q), T (r, s)) in S 3 , well defined up to mutation by the involution on either side of the essential torus in Y (T (p, q), T (r, s)). If pqrs − 1 is odd then L(T (p, q), T (r, s) is a knot. If in addition both T (p, q) and T (r, s) are non-trivial torus knots, then the knot L(T (p, q), T (r, s) is SU (2)-simple, but is not a 2-bridge knot.
Proof. To simplify notations, we shall write Y 0 for Y (T (p, q)) and Y 1 for Y (T (r, s)) and simply Y for the closed manifold Y (T (p, q), T (r, s)).
We fix a base point on the torus along which Y 0 and Y 1 were glued together. We choose a meridian m 0 of T p,q on the boundary of Y 0 that passes through the base point and a meridian m 1 for T r,s which also passes through the base point. We shall also denote by m 0 and m 1 the corresponding elements in the fundamental group G 0 := π 1 (Y 0 ) and
. Likewise, we denote by s 0 a Seifert fibre at the boundary of Y 0 , passing through the base point, and also by s 0 the corresponding element of G 0 , and we define s 1 analogously. The group G i is normally generated by m i for i = 0, 1. The element s i lies in the centre of G i . The fundamental group G := π 1 (Y ) is an amalgamated product of G 0 and
That Y is SU (2)-cyclic follows from Motegi's main result in [28] . We give a proof of this fact for the sake of completeness: Let ρ : G → SU (2) be a representation of the fundamental group of Y . We claim that ρ has abelian image in SU (2). Suppose this were not the case. Suppose first that the restriction of ρ to the image of G 0 in G were non-abelian [In fact G 0 injects into G as by Dehn's Lemma usw. the image of the boundary torus into each knot complement is π 1 -injective. But we don't need this.] As s 0 is central in G 0 this implies that ρ(s 0 ) lies in the centre Z(SU (2)) = {±1} of SU (2). As s 0 = m 1 we also have that ρ(m 1 ) is central in SU (2). As s 1 lies in the normal subgroup generated by m 1 in G 1 , this implies that in fact ρ(s 1 ) is central in SU (2), hence also ρ(m 0 ) is central in SU (2) as m 0 = s 1 . But as G 0 is normally generated by m 0 this contradicts the assumption that ρ is non-abelian when restricted to G 0 .
Hence the restriction of ρ to the image of G 0 or G 1 in G is abelian. Next we show that this implies that ρ has abelian image. T (p, q), T (r, s) ) is the branched double cover of the knot L (T (p, q), T (r, s) ) by Proposition 4.9. The knot cannot be a 2-bridge knot because Y (T (p, q), T (r, s) ) is not a Lens space by Lemma 4.12 above. That this knot admits only binary dihedral meridian-traceless SU (2) representations follows now from Proposition 3.1 and Lemma 3.2 above.
Examples
We have computed the Khovanov homology and other knot invariants for 'small' examples of the knots L(T (p, q), T (r, s)). In some cases, we were able to identify them in the knot table up to 12 crossings by their Alexander and Jones polynomial, using Cha-Livingston's ' Knotinfo' [1] .
Knot
Knot in table
11 a 54 L(T (2, 7), T (2, 7)) 12 a 1010 .
Diagrams, alternatingness
For rational tangles we follow the notations and conventions of [26] . In particular, a sequence of integers (a 0 , . . . , a n ) defines a rational tangle, with the convention used in this reference. By (a 0 , . . . , a n ) we denote the tangle (a 0 , . . . , a n ) to which we apply a rotation by angle π through the 'vertical axis'. For examle, the two diagrams below denote the tangle (3, −4) and (3, −4). 
one has |p/q| > 1, and n is odd, then the tangle τ (T (p, q)) has a diagram given by Figure 4 above. Notice that the two rational tangles appearing there always have opposite sign. In particular, the given diagrams are never alternating.
Proof. The proof follows from the method in the proof of Theorem 1 in Montesinos' Orsay lecture notes [26] to which we refer the reader. The essential point is that we may write a linear map of the torus
as a product of matrices of the form
The latter maps are given as a horizontal respectively b vertical Dehn-twists of the torus. The precise relationship is via the claimed continued fraction expansion as shown in the reference op. cit. A full Dehn-twist of the torus induces a half-twist in the pillowcase quotient.
Concrete examples are given below. First, two general remarks are in order.
Remark 6.2. (i)
If |p/q| < 1, and n is even, then the role of the rational tangle inside the pillowcase and outside of it are interchanged.
(ii) The continued fraction expansion is not unique, and in particular it is of no restriction to the generality to assume that n is odd in the preceding statement. See the remark at the end of the proof of Theorem 1 in [26] .
Example 6.3. The tangle τ (T (16, 5) ) is given by the Figure 5 below. Here the quotient of the tubular neighbourhood of the torus knot T (16, 5) winds around the pillowcase. The quotient of a Seifert fibre is shown by the green curve. An isotopy brings this into the diagram shown in Figure 6 6 which has the shape as stated in Thoerem 6.1 above. In fact, we have 16
and the isotopy is given by first applying 3 'horizontal half-twists', fixing the lower side of the pillowcase and rotating the upper (thereby not changing the tangle inside the pillowcase), and then applying 5 'vertical half-twists', fixing the left side of the pillowcase, and rotating the right one. Proof. We consider the case where p/q and r/s both have the same sign. The other case is similar and is left as an exercise. By Theorem 6.1 above the knot L(T (p, q), T (r, s)) has a diagram given by Figure  8 below. Here we have only indicated the information relevant to alternatedness. In particular, each square contains a rational tangle with an alternating diagram, because there is a continued fraction expansion p/q = [a 0 , . . . , a n ] with either a i > 0 for i = 0, . . . , n or a i < 0 for i = 0, . . . , n, and likewise for r/s. It may be drawn such that all overcrossings go either 'from upper left to lower right' or 'from lower left to upper right'. In each of these rational tangles, some indicated crossings may be identical. For instance, in the upper right square, the two strands entering from T (p, q) , T (r, s))) cannot be seen in the 'obvious way' in the alternating diagram of L(T (p, q), T (r, s)) that we have described. By the 'obvious way' we mean that it cannot be described by a circle in the diagram that cuts the diagram in precisely four points, as is the case, for instance, for the Conway-knot and the Kinoshito-Terasaka knot.
Remark 6.7. It is clear that the above proof applies to more general knots containing four rational tangles. This could be of possible interest to the methods used in [9] .
Relevance to instanton knot Floer homology
The instanton knot Floer homology I (K) of a knot K, as defined by Kronheimer and Mrowka in [20] , has close ties with the representation varieties R(K, SU (2); i) considered in this paper. For the precise setup we refer to this reference. In the following, we shall only review that part of the construction which is relevant to our work on representation varieties.
Associated to K there is a 2-component link K , consisting of K together with the boundary µ of a meridional disc, and an arc ω connecting these two components, see [20, Figure 3] . There is an associated space of representations
where m K , m µ ,and m ω denote small meridians in S 3 \ (K ∪ ω) of K, µ, and the arc ω. There is a map induced by restriction
where the action of SU (2) on both sides is by conjugation. The reduced instanton Floer homology I (K) is a Z/4-graded abelian group associated to a knot or link K. It is the Morse homology in an appropriate sense of a function CS defined on a certain space of connections with prescribed singularities around K ∪ω, and whose critical manifold consists of certain flat connections and is identified with R (K)/SU (2), the identification being determined by the holonomy representation as usual in such a setup. For non-trivial knots, the critical manifold always has positive dimensional components.
Therefore, the function CS has to be perturbed to a function CS π with the desired properties: The resulting critical manifold R π (K)/SU (2) is a finite set of points, and the moduli space of flow-lines in this setup satisfies a certain transversality condition analogous to the Morse-Smale condition in the classical setup of Morse homology. That both can be achieved is proved in [20, 17] , using suitable holonomy perturbations. Such holonomy perturbations are called admissible. Instanton Floer homology is then the homology of a Z/4-graded complex CI π (K) with generators given by the points of R π (K)/SU (2), for an admissible perturbation π.
Provided R (K)/SU (2) is already non-degenerate in the Morse-Bott sense, one expects that it is possible to perturb in such a way that every circle of R (K)/SU (2) is replaced by exactly two critical points in R π (K)/SU (2) , and that the 'abelian point' in R (K)/SU (2) corresponds to a unique point in R π (K)/SU (2). This implies that is natural to require the following hypothesis on a knot K: Hypothesis 7.2. Suppose the knot K is such that R(K, i)/SU (2) contains exactly n conjugacy classes of irreducible representations (and necessarily a single conjugacy class of reducible representations). Then there is an admissible holonomy perturbation π of the Chern-Simons function such that R π (K)/SU (2) contains exactly 2n + 1 points. As a consequence, the associated instanton Floer chain complex CI π (K) is of total rank 2n + 1.
Hedden, Herald and Kirk have proved in [11] that this hypothesis is satisfied for all 2-bridge knots, torus knots, and certain other classes of knots. Further examples have been studied by Fukumoto, Kirk and Pinzón-Caicedo in [7] . We expect that our knots L(T (p, q), T (r, s) also satisfy this hypothesis. We plan to come back to this in forthcoming work. Proposition 7.3. If a knot K is SU (2)-simple and satisfy the genericity hypothesis 7.2 above, then its instanton Floer chain complex CI π (K) has no non-zero differentials and is of total rank det(K). In particular, the total rank of reduced instanton knot Floer homology I (K) is also equal to det(K).
Proof. For a knot K, the number of conjugacy classes of binary dihedral representations in R(K; i) is equal to (det(K) − 1)/2, by Klassen's theorem [13] . Therefore, an SU (2)-simple knot K satisfying the genericity hypothesis has instanton Floer chain complex of rank det(K). For a knot K, instanton knot Floer homology I (K) is isomorphic to a different flavour of instanton knot Floer homology KHI(K) as defined in [18] . The latter categorifies the Alexander polynomial ∆ K (t) by the results in [19, 23] . In particular, the rank of instanton Floer homology has to be greater or equal than the determinant det(K) = |∆ K (−1)|. Therefore, the complex CI π (K) cannot have a non-zero differential.
For the class of SU (2)-simple knots of the form L(T (p, q), T (r, s)) defined in this paper we obtain the total rank of reduced instanton knot Floer homology without having to be concerned about whether the genericity hypothesis 7.2 is satisfied: One makes use of the Kronheimer-Mrowka spectral sequence.
Proposition 7.4. The total rank of reduced instanton knot Floer homology we have:
Its Z/4-grading is determined from the Jones polynomial and the knot signature of L(T (p, q), T (r, s)).
Proof. Theorem 6.5 together with the Kronheimer-Mrowka spectral sequence [20] readily determines the total rank of reduced instanton knot Floer homology, since the Kronheimer-Mrowka spectral sequence must degenerate at the page isomorphic to Khovanov homology in this case. The Khovanov homology determines the Z/4 grading, see [20] . The Khovanov homology in turn is determined by the Jones polynomial and the knot signature, see Lee's theorem [21] . Its total rank is equal to the knot determinant, which is equal to |pqrs − 1| in this case.
SU (2)-simple knots and Heegaard-Floer homology strong L-spaces
The simplest version of Heegaard-Floer homology is the 'hat'-version [29, 30] , introduced by Ozsváth and Szabó. It is an abelian group HF(Y ), associated to a rational homology sphere Y . Such a manifold Y is called a Heegaard-Floer homology L-space if the HF(Y ) is of rank equal to the cardinality of H 1 (Y ; Z). As the latter number is always a lower bound to the rank of HF(Y ), one can say that an L-space has Heegaard-Floer-hat homology as small as it can possibly be. A rational homology sphere is called a Heegaard-Floer homology strong L-space if the rank of the complex CF(Y ) computing HF(Y ) is equal to the cardinality of H 1 (Y ; Z). Such a complex has no non-trivial differentials. An example of a 3-manifold which is an L-space, but not a strong L-space is the Poincaré homology sphere.
A strong L-space Y is particularly simple with respect to Heegaard-Floer-hat homology. It has a formal similarity to a SU (2)-simple knot K satisfying the genericity assumption 7.2. However, this formal resemblance is reflected topologically for the class of SU (2)-simple knots studied here: Proof. By Theorem 6.5 the knots L (T (p, q), T (r, s) ) are alternating. Their branched double covers Y (T (p, q), T (r, s)) are therefore Heegaard-Floer homology strong Lspaces by a result of Greene [8] .
Question 8.2. Is the branched double cover Σ 2 (K) of a SU (2)-simple knot K always a strong L-space? Is every SU (2)-simple knot alternating? Remark 8.3. The converse of the relationship asked in this question is not true, however. In fact, all pretzel knots P (p, q, r) with p, q, r > 1 are alternating and therefore Σ 2 (P (p, q, r)) are strong L-spaces [8] , but these knots are not SU (2)-simple as was shown in [32] . In fact, these knots possess many representations in R(P (p, q, r); i) which are not binary dihedral.
As a consistency check, one may realise that the weaker statement that the Y (T (p, q), T (r, s)) are Heegaard-Floer homology L-spaces follows easily from Hanselman's result [10, Theorem 2] . In his notation, our 3-manifold Y (T (p, q), T (r, s)) is denoted Y (T (p, q) [pq] , T (r, s) [rs] ). Torus knots are L-space knots which means that they admit non-trivial surgeries which are L-spaces. In fact, torus knots admit a lot of Lens space surgeries, see [27] . The last condition in Hanselman's theorem is fulfilled because the slope pq is strictly bigger than twice the Heegaard-Floer concordance invariant of T (p, q) if it is positive, and strictly smaller if it is negative.
9.
Integer homology spheres and irreducible SU (2) representations Proposition 9.1. Let Y be an integer homology 3-sphere which is the branched double cover of a non-trivial knot K in S 3 . Then there is an irreducible representation ψ : π 1 (Y ) → SU (2).
Proof. The crucial input is that there is an irreducible representation ρ : π 1 (S 3 \ K) → SU (2) which maps a meridian m to the element i ∈ SU (2). This was proved by Kronheimer-Mrowka in [18, Corollary 7.17] . As in the proof of Proposition 3.1 above, we see that this representation induces a representation with non-abelian image ρ : G K,m 2 → SO(3) . The fundamental group π 1 (Y ) = π 1 (Σ 2 (K)) is contained in G K,m 2 as a subgroup of index 2. If the restriction of ρ to this subgroup had abelian image it would have trivial image, as Y is a homology 3-sphere. Therefore, ρ would factor through G K,m 2 /π 1 (Y ) ∼ = Z/2, contradicting the fact that ρ has non-abelian image.
Hence the restriction of ρ to π 1 (Y ) has non-abelian image, and hence lifts to an irreducible representation ψ : π 1 (Y ) → SU (2).
By results of Bonahon-Siebenmann every graph 3-manifold is a branched double cover of an arborescent link L, see [3, Appendix A] and [31, Section 1.1.8 and 1. 1.9] . If the branched double cover of L is an integer homology sphere, then the link L can have only one component by formula (2) . Therefore, we obtain the following
